We significantly advance the research program initiated in "Moment-Based Evidence for Sim- . The function P (α) is generated-applying the Mathematica command FindSequenceFunction-using solely either the thirty-two integral or half-integral probabilities, yet successfully predicts the unused thirty-two.
I. INTRODUCTION
The predecessor paper [1] -addressing the relatively long-standing 2 × 2 separability probability question [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] (cf. [12] [13] [14] )-consisted largely of two sets of analyses. (In the foundational study [2] , "three main reasons of importance"-philosophical, practical and physical-were given for studying this question.) The first set of analyses in [1] was concerned with establishing formulas for the bivariate determinantal product moments ρ P T n |ρ| k , k, n = 0, 1, 2, 3, . . . , with respect to Hilbert-Schmidt (Euclidean/flat) measure [15] [16, sec. 14.3], of generic (9-dimensional) two-rebit and (15-dimensional) two-qubit density matrices (ρ). Here ρ P T denotes the partial transpose of the 4 × 4 density matrix ρ. Nonnegativity of the determinant |ρ P T | is both a necessary and sufficient condition for separability in this 2 × 2 setting [17] .
In the second set of analyses in [1] , the univariate determinantal moments ρ P T n and |ρ P T |ρ|) n , induced using the bivariate formulas, served as input to a Legendrepolynomial-based probability distribution reconstruction algorithm of Provost [18, sec. 2] .
This yielded estimates of the desired separability probabilities. (The reconstructed probability distributions based on |ρ P T | are defined over the interval |ρ P T | ∈ [− ], while the associated separability probabilities are the cumulative probabilities of these distributions over the nonnegative subinterval |ρ P T | ∈ [0, 1 256 ]. We note that for the fully mixed (classical)
, while for a maximally entangled state, such as a Bell state, |ρ
.)
A highly-intriguing aspect of the (not yet rigorously established) determinantal moment formulas obtained (by C. Dunkl) in [1, App.D.4] was that both the two-rebit and two-qubit cases could be encompassed by a single formula, with a Dyson-index-like parameter α [19] serving to distinguish the two cases. The value α = 1 2
corresponded to the two-rebit case and α = 1 to the two-qubit case. (Let us note that the results of the formula for α = 2 and n = 1 and 2 have recently been confirmed computationally by Dunkl using the "Moore determinant" (quasideterminant) [20, 21] of 4 × 4 quaternionic density matrices. However, tentative efforts of ours to verify the α = 4 [conjecturally, octonionic [22] , problematical]
case, have not proved successful.)
When the probability-distribution-reconstruction algorithm [18] was applied in [1] to the two-rebit case (α = ≈ 0.242424 was derived. This constitutes an appealingly simple rational value that had previously been conjectured in a quite different (non-moment-based) form of analysis, in which "separability functions" had been the main tool employed [11] .
Further, the determinantal moment formulas advanced in [1] were then applied with α set equal to 2. This appears-as the indicated recent (Moore determinant) computations of Dunkl show-to correspond to the generic 27-dimensional set of quaternionic density matrices [24, 25] . Quite remarkably, a separability probability estimate, based on 2,325 moments, that was 0.999999987 times as large as In the present study, we extend these three (individually-conducted) moment-based analyses in a more systematic, thorough manner, jointly embracing the sixty-four integral and
, 2, . . . , 32. We do this by accelerating, for our specific purposes, the Mathematica probability-distribution-reconstruction program of Provost [18] , in a number of ways. Most significantly, we make use of the three-term recurrence relations for the Legendre polynomials. Doing so obviates the need to compute each successive higherdegree Legendre polynomial ab initio.
In this manner, we were able to obtain-using exact computer arithmetic throughout-"generalized" separability probability estimates based on 7,501 moments for α = With the use, now, of 7,501 moments, the figure increases to 0.999989567. This outcome, thus, fortifies our previous conjecture. ≈ 0.242424. Employing 7,501 moments, this figure increases to 0.99999986.
α = 2-the quaternionic case
In [1] , a lower-bound estimate of the quaternionic separability probability was obtained that was 0.999999987 times as large as 26 323 ≈ 0.0804954, using the first 2,325 moments of |ρ P T |. Based on 7,501 moments, this figure increases, quite remarkably still, to 0.999999999936.
B. Generalized separability probability formula
A principal motivation in undertaking the analyses reported here-in addition, to further scrutinizing the three specific conjectures reported in [1] -was to uncover the functional relation underlying the curve in Fig. 1 (and/or its original non-logarithmic counterpart).
Preliminarily, let us note that the zeroth-order approximation (being independent of the particular value of α) provided by the Provost probability-distribution-reconstruction algorithm is simply the uniform distribution over the interval [− ]. The corresponding zeroth-order separability probability estimate is the cumulative probability of this distribution over the nonnegative subinterval [0, 1 256 ], that is, is the "residual entropy for square ice" [26, p. 412] (cf. [27, eqs. [ (27), (28)]) [28] . In fact, the Mathematica command succeeds using only the first twenty-eight conjectured rational numbers, but no fewer.)
However, the formula produced was quite cumbersome in nature (extending over several pages of output). With its use, nevertheless, we were able to convincingly generate rational values for half-integral α (including the two-rebit 29 64
conjecture), also fitting our corresponding half-integral thirty-two numerical estimates exceedingly well. (Let us strongly emphasize that the hypergeometric-based formula was generated using only the integral values of α.
The process was fully reversible, and we could first employ the half-integral results to generate the formula-which then-seemingly perfectly fitted the integral values.)
At this point, for illustrative purposes, let us list the first ten half-integral and ten in- 
Interestingly, we are only able to, in general, evaluate the formula numerically, but then to arbitrarily high (hundreds, if not thousand-digit) precision, giving us strong confidence in the validity of the exact generalized separability probabilities that we advance. Whether exact values can be directly extracted, without recourse to such high-precision numerics, appears to be an issue still yet to be fully resolved.
Let us now apply the formula (Fig. 3 ) to values of α other than the basic sixty-four. For α = 0, the formula yields-as would be expected-the "classical separability probability" of 1.
Further, proceeding in a purely formal manner (since there appears to be no corresponding genuine probability distribution over [− , we have
, the outcome is 0.327968
(Let us note that the term 3Γ( , the result is − .
Thus, it appears that our hypergeometric-related formula (Fig. 3) constitutes a major advance in addressing the long-standing (Hilbert-Schmidt) 2 × 2 separability probability question [2] . However, there certainly remain the important problems of formally verifying this formula (as well as the underlying determinantal moment formulas in [1] , employed in the probability-distribution reconstruction process), and achieving a better understanding of what it conveys regarding the geometry of quantum states [16] . Further, questions of the asymptotic behavior of the formula (α → ∞), possible modified/simplified/canonical forms of it, and of possible Bures metric [3, 4, 6, 16, 31] counterparts, are under current investigation.
